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Abstract-The present method of analysis is based on the pressure-volume (p-V) relation of the 
left ventricle obtained experimentally, differing from the methods with the use of the small 
specimen dissected from the ventricle. The deformation of the left ventricle is both physically and 
geometrically nonlinear. The wall thickness is so large that the states of the deformation at 
endocardial and epicardial surfaces are considerably dtierent. The model considered here is a 
homogeneous and incompressible thickwall sphere in which the requirements just stated are taken 
into account. The Valanis-Landel model, which is relatively accurate for the deformation of left 
ventricles at diastole in comparison with the Laplace, Lam6 and Rivlin-Saunders models as 
discussed by Moriarty (1980), is examined with its validity by using the present model. The 
advantage of the use of the Valanis-Landel model is that the stress-strain relation and the function 
W are expressed by simple formulas, but the p-V relationship is considerably complicated 
compared with that of the present model. The present model can be extended to describe the 
deformation of the systolic left ventricle when the pressure-time (p-t) relationship is measured at 
different left ventricular volumes of isovolumic beat. The p-t relation is replaced by the p-V 
relation for each time t. The model at systole is constructed by regarding the stress due to 
contraction of the cardiac muscle as an eigen stress. 
INTRODUCTION 
The pressure-volume (p-V) relation of the left ventricle has led many researchers to 
attempt evaluating the deformation of the left ventricular wall, since this relation may be 
expected to be measured accurately in oiuo in the near future, differing from the uniaxial 
stress-strain relations obtained from small specimens such as papillary muscles dis- 
sected from the ventricle. 
It is primarily required for the mathematical model needed to represent left ven- 
tricular mechanics that the effect of physical and geometrical nonlinearities and the 
effect of large thickness are taken into account. The left ventricle will be represented as 
a homogeneous, incompressible and thick-walled hollow sphere as employed by many 
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researchers. The deformation of the ventricle will be assumed to be quasistatic for 
simplicity. The ventricular wall may be treated as a transversely isotropic body within 
the framework of spherical symmetry. 
If the (pseudo)strain energy function is defined for the deformation of the left 
ventricular wall, the mechanical behavior of the muscle fibers can be expressed mathe- 
matically from this function. 
An excellent work on the analytical integration of the equilibrium equation of the 
ventricular model was made by Mirsky et al. [l]. By extending their work, we obtained 
the strain energy function W analytically in terms of the extension ratio from the p-V 
relationship on the basis of large deformation theory. It was also found that the biaxial 
stress-strain relation of the myocardium is more appropriate than the uniaxial relations 
for comparison of left ventricles having different p-V relationships and/or different 
sizes, since the former relation is derived uniquely from W [2]. 
A comparative examination of five mathematical models of diastolic left ventricle was 
made by Moriarty [3]. The Laplace and Lam6 models are inconsistent with cardiac 
mechanics, since they are subjected to the assumption of infinitesimal deformation or 
Hooke’s law. The Valanis-Landel and Rivlin-Saunders models treated by Moriarty take 
into account the effect of finite deformation and large thickness of the wall, where 
simple nonlinear stress-stretch relations are assumed to be employed. The agreement of 
the Valanis-Landel model with the p-V relationship was shown to be better than that of 
the Rivlin-Saunders model. The validity of the Valanis-Landel model depends on its 
approximate character of the stress-strain (or stretch) relation from the mathematical 
point of view. This validity will be studied by comparing the biaxial stress-strain (or 
stretch) and overall p-V relation of the Valanis-Landel model with the corresponding 
relations obtained analytically. 
The present model can be extended to describe the deformation of the systolic left 
ventricle when the pressure-time (p-t) relationship is measured at different ventricular 
volumes of isovolumic beat. Although the left ventricle is deformed essentially unsym- 
metrically, an average symmetrical deformation is treated as a first approximation. It is 
shown that the deformation at systole can clearly be explained by the introduction of an 
eigen stress for the stress due to contraction of muscle fibers except very large volume 
changes, and the appropriateness of this model is found by some experimental data. 
EQUILIBRIUM EQUATION AND STRAIN ENERGY FUNCTION 
Let V0 be a conceptual volume obtained by extending the actual p-V curve to the 
p = 0 axis. The ventricular p-V relationship at diastole may be written as 
AV = a - b[exp( - cp)], (1) 
where a, b and c are constants and AV = V - V,. Let (r, 8, #I) and (R(t), 0,4) be systems 
of spherical polar coordinates introduced in states at Ap = 0 and at Ap = Ap(t), respec- 
tively, where 
Ap = p +;log.(;). (2) 
The internal and external radii of the ventricle at Ap = 0 are denoted by rl, r2, 
respectively, with the corresponding values RI, R2 at Ap = Ap(t). 
The (pseudo)strain energy function W valid for diastole is assumed to be introduced. 
Left ventricular wall muscles 
It follows from the equation of equilibrium in the absence of body forces that 
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Ap = - (3) 
The function W can be determined analytically from Eqs. (3) and (2) [2], and it is written 
as 
where 
(4) 
(5) 
with V, being the left ventricular wall volume. The strain energy function W for the left 
ventricle is also written as 
w = wu,, 13, (6) 
where I, and Iz are the strain invariants given by 
I,=2h2,+ * ZT Iz=C+f. 
he 
(7) 
Introducing a rectangular coordinate system (x’, x2, x9, we consider a state of biaxial 
stress defined by 
Ul=O, tY2=U3=U. (8) 
The cardiac muscle is essentially incompressible, therefore the corresponding strain 
components are given by 
1 1 
el=2 p-1, 
( ) 
e2=e,=e=i(A2-1), (9) 
where A is the extension ratio (or stretch) in x2 and x3 directions. The relation between u 
and W is given by 
1 dW 
a=jAx. (10) 
The biaxial and uniaxial stress-strain relations are obtained from W. It is found from 
(10) that the biaxial relation is identical for W(I,, Ia with any combination of I, and 12, 
while the uniaxial relation depends on the form of W. 
VALANIS-LANDEL MODEL 
As discussed by Moriarty [3], the Valanis-Landel model is relatively accurate in 
comparison with the Laplace, Lame, and Rivlin-Saunders models. 
When the Valanis-Landel model is assumed to be adopted for the ventricle, the 
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mechanical behavior of the cardiac muscle is described by only two terms, which consist 
of two material constants a and C. The biaxial a-A relation and function W for the 
Valanis-Landel model are easily derived and shown in Table 1. The third equation in 
which Ap is expressed as an integral in terms of the deformed radii R, and R2 
corresponds to the pressure-volume change (Ap-AV) relation. The exact relations 
expressed as series are also presented for comparison. 
The expressions of the o-X relation and function W for the Valanis-Landel model 
are simpler than those of the exact relations, whereas the Ap-AV relation for the 
Valanis-Landel model is more complicated since it generally requires numerical in- 
tegration. 
NUMERICAL RESULTS 
The strain energy function W is evaluated in terms of I, or Iz from the p-V relation 
of the potassium arrested heart of the rat [4,5] as shown in Fig. 1. The function W is 
determined uniquely in terms of the biaxial stretch A. The relation between A and W is 
indicated by a broken line. The function W increases exponentially with the invariant I, 
or Iz or the extension ratio A. 
Experiments on the left ventricle of the dog have been performed in the previous 
paper [2], from which the data are picked up and given in Table 2. 
For fitting the exact a-h curve three sets of a and C are chosen for each ventricle as 
shown in Table 3. The a-h relations for the Valanis-Landel model denoted by thin lines 
are presented in Figs. 2 and 3 together with the exact a-A curves denoted by bold lines. 
It is noted that A < A,,, where the maximum value A, is obtained from the exact o-A 
relation as AL, = 1 + a/Vo. 
The curves Al and A2 in Fig. 2 and the curves B 1 and B2 in Fig. 3 are considerably 
accurate for small values of A. On the other hand, the curves A3 and B3 may be valid 
for large values of A, since each curve is approximately equal to the corresponding exact 
a-A curve at A = 0.95A,,. The left ventricles employed in this example may be difllcult 
to be approximated closely by the Valanis-Landel model over the whole range of A 
shown in Figs. 2 and 3. 
The pressure-volume change (Ap-AV) relations are evaluated by means of the 
formulas presented in Table 1. The results are shown in Figs. 4 and 5. In the same way 
as Figs. 2 and 3, the thin lines denote the Ap-AV relations of the Valanis-Landel model 
and the bold lines are the exact Ap-AV relations. It is found that errors of the 
Valanis-Landel model shown in the Ap-AV relations are large in comparison with those 
in the a-h relations. 
The reason why the u-A relation of the Valanis-Landel model may generally be 
difficult to approximate closely the exact u-A relation may be that the relation of the 
Table 1. Stress-stretch (u-A) relations, strain energy function (W) and pressure-volume change 
(Ap-AV) relation for the series solution and Valanis-Landel model. 
Series Solution (Present Model) Valanis-Landel Model 
a-h 
V0(A3-1) - -” (A3 - l)“] u = C(A” - A-2a) 
W = ; “2, -&&ii (:)‘(A’- I)“+’ 
Ap-AV 
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Fig. 1. Strain energy function determined from the Ap-AV relation of the rat by Janz and Grimm [4, 51. 
Table 2. Canine left ventricular wall volume (V,), left ventricular volume at 
Ap = 0, and derived constants for theoretical p-AV curve. 
A 80.1 19.1 53.37 56.89 9.983 6.129 x 1O-2 
B 70.3 6.1 56.91 62.39 1.021 9.003 x lo-* 
Table 3. Values of material constants u and C 
appearing in the Valanis-Landel model. 
Curves a ( lo-GPa) 
Al 14.37 8.223 
A A2 12.36 11.218 
A3 18.78 2.386 
Bl 9.66 3.895 
B B2 8.96 4.752 
B3 13.36 0.629 
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Fig. 2. Biaxial stress-stretch (u-A) relations of the exact solution denoted by a bold line and the Valanis- 
Landel model denoted by thin lines (Al, A2, and A3) for Dog A. 
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Fii. 3. Biaxial stress-stretch ((T-A) relations of the exact solution denoted by a bold line and the Valanis- 
Landel model denoted by thin lines (B I, B2, and B3) for Dog B. 
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VENTRICULAR PRESSURE ap (kPa) 
Fig. 4. Pressure-volume change (Ap-AV) relationship of the left ventricle for Dog A. A bold line represents 
the exact relation. 
VENTRICULAR PRESSURE ap (kPa) 
Fig. 5. Pressure-volume change (Ap-AV) relationship of the left ventricle for Dog B. A bold line represents 
the exact relation. 
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Valanis-Landel model is constructed by only two terms. Roughly speaking, the error 
between these two relations might be small. However it should be noted that the effect 
of the error is emphasized when we consider the Ap-AV relation. 
The series solution presented in Table 1 is useful for comparison of left ventricular 
models at diastole. The Valanis-Landel model is not necessarily convenient to study the 
mechanical behavior of left ventricles, since it requires numerical integration for the 
evaluation of the pressure-volume (or volume change) relation. 
EXTENSION TO THE DEFORMATION AT SYSTOLE 
The model at diastole stated in the previous sections can be extended to describe the 
deformation at systole after some modification when the volume change is not very 
large. 
The pressure-time (p-t) relation of the dog given at different left ventricular volumes 
of isovolumic beat is employed [6]. The p-t relations are transformed into Fig. 6, where 
p and V are plotted. As shown in this figure, a linear relation holds between p and V for 
each time in the range 18 mL 5 V 5 42 mL. Equation (1) can be written in the following 
form: 
Ap = p = m(t)(V - V,,), (11) 
where m = llbc and V, is a function of t. The deformation is assumed to be charac- 
terized by a strain energy function, denoted by W, which is defined per unit volume of 
V,(t). The function W is obtained from (4) as 
w = $ kg - 1)2, (12) 
where 
(13) 
The forces generated by contraction of muscle fibers are considered to be caused by 
an eigen stress so that the coefficient k is a material contact which is independent of 
time, i.e., kf k(t) [7]. The coefficient k may therefore be determined from, for example, 
the straight line at t = fg, where the maximum force is generated, shown in Fig. 6. Hence 
k is obtained from (13) by putting VO= VO(f6) and m = m(t&. 
If a reference volume, denoted by VEf, is chosen within the range of the experimental 
data, the volume Vo(ti) and slope m(ti) at any ti(i = O-5, 7-14) are found from (11) and 
(13). Using V,(ti) and m(ti) for i# 6, we get the straight thin lines as shown in Fig. 6, 
where Vrcf is chosen as 32 mL. It is found that the thin lines agree well with the 
experimental data, so that the assumption of forces by contraction adopted here is 
considered to be valid. The biaxial stress-strain (U-C) relation is given by 
u = ; k( 1 + 2~)~‘*[( 1 + 2~)~‘~ - 11, (14) 
where l is the strain such that l equals to zero when the muscle is at rest (V = V,). A 
characteristic feature of (14) is that the u--f relation valid during diastole and systole is 
expressed by a single line independently of time t and therefore of the magnitude of the 
forces due to contraction. 
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Fig. 6. Pressure-volume (p-v) relationships of systolic canine heart for different values of time t. 
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Biaxial stress due to contraction (uC) versus time during isometric contraction I(-_) Present model, 
Valanis-Landel model]. 
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A new biaxial strain, denoted by e, is introduced the reference state of which does 
not depend on time t. Now let the state of zero stress in the passive state [V,-,(t) = 18 mL] 
be chosen as the reference. The relation between e and E is easily obtained. Further- 
more, let the biaxial stress u be divided into two parts: 
cr = a, + a,, (15) 
where a, is the stress in the passive state and a, is the stress increase due to contraction. 
Figure 7 shows biaxial a,-e relations during isometric contraction as functions of time. 
An approximation by the Valanis-Landel model will be stated. The Ap-AV relation 
expressed in (11) should be satisfied when we use the Valanis-Landel model. However, it is 
found from (11) and the third relation of the Valanis-Landel model shown in Table 1 that the 
Valanis-Landel model is valid only for small values of AV. In this case (14) is valid only for 
small values of E, where k is given by (2/3)&Z. 
Results based on the Valanis-Landel model are also presented in Fig. 7. The difference 
between the Valanis-Landel and present models is significant since the ventricle is largely 
deformed. 
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